A Bootstrapping Approach for Generating Maximally Path-Entangled Photon States 
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We propose a bootstrapping approach to generation of maximally path-entangled states of photons, so called 
"NOON states". Strong atom-light interaction of cavity QED can be employed to generate NOON states with 
about 100 photons; which can then be used to boost the existing experimental Kerr nonlinearities based on 
quantum coherence effects to facilitate NOON generation with arbitrarily large number of photons all within 
the current experimental state of the art technology. We also offer an alternative scheme that uses an atom-cavity 
dispersive interaction to obtain sufficiently high Kerr-nonlinearity necessary for arbitrary NOON generation. 



PACS numbers: 

NOON states, path-entangled states of N photons of the 
form |M) :: ON) = (|JV) a |0) b + |0) a \N) h )/Vl, are important 
for quantum lithography [ 1Q and Heisenberg limited interfer- 
ometry with photons (2|]. Several theoretical proposals ex- 
ist for NOON-state generation; nevertheless, experimentally 
it seems to be a formidable task. So far, NOON states with 
only three and four photons have been generated [3]. There 
exists a proposal that simulates a six-photon NOON state by 
post-selection J3l and hence may not be directly useful for 
the quantum lithography application. In this context it is im- 
perative to develop practical strategies for generation of high- 
NOON states. In this letter, we propose a couple of routes to 
increase the number of photons entangled in the NOON form. 

To recollect, existing proposals for generation of maximally 
path entangled states of photons use either the Linear Optical 
Quantum Computing (LOQC) approach or some kind of op- 
tical nonlinearity. We note that LOQC approaches would be 
unsuitable in this quest as the larger the required number of 
particles in the entangled state the lower is the success prob- 
ability 1 5]. Thus, the routes using optical nonlinearities seem 
to be promising in the longer run. Nevertheless, experimental 
nonlinearities are not as strong as one would require them for 
the present task, even in the case where quantum coherence 
effects such as Eletromagnetically Induced Transparency JfJ, 
are employed as discussed later. Here we propose a bootstrap- 
ping approach such that existing experimental nonlinearities 
could be boosted in order to eventually have a large number 
of particles in the generated NOON state. 

The bootstrapping technique proposed here involves prepa- 
ration of a NOON state with a small number of photons (up 
to 100), which can be used to boost the conditional nonlin- 
earities necessary to obtain NOON states with an arbitrar- 
ily large number of photons N provided, the iV-photon Fock 
states are available. The approach is primarily based on the 
scheme described in Fig. QIa) proposed by Gerry and Cam- 
pos J3l • The scheme involves two Mach-Zehnder interferom- 
eters (MZI) coupled via a cross-Kerr nonlinearity that can be 
obtained via schemes based on quantum coherence effects @]. 
Presence of a single photon in mode c is required to give phase 
shift of % to photons in mode b; this phase shift is however 
not within the reach of current experimental cross-Kerr non- 



linearities, to obtain NOON states in the modes a and b at 
the output. The best current experimental cross-Kerr phase 
shifts are of the order of 0. 1 radians, obtained via atom-light 
interaction in systems using quantum coherence effects [9]. 
This suggests that further enhancement in the nonlinearity — 
by roughly two orders of magnitude — is necessary for NOON 
state generation. It is, however, important to note that the 
scheme requires a conditional phase shift of either or %, 
which would require a NOON state (of about K ss 10ft pho- 
tons) entering at the input of MZI-2 to act as a control. The 
necessary setup is shown in Fig.[Tfb). The presence of a large 
number of photons would boost the quantum-coherence-based 
cross-Kerr nonlinearity; enough to obtain a phase shift of or 
% if all the K control photons occupy mode d or c, all at once. 
Once the enhanced nonlinearity is used, measurement of the 
number of photons «di and «D2 would give the output state 
[(-i)»D2 |jv a o b ) +i(_i)«Di |0 a JV b )]\/2 which can be trivially 
corrected for the relative phase of the two components to ob- 
tain a NOON state. The condition «di +«D2 = K if satisfied 
means a successful NOON generation even with inefficient 
detectors provided they are photon number resolving lioll . 
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FIG. 1: Nonlinear process to generate a high NOON state 
\NQ :: 0A') fl h via a cross-Kerr nonlinearity. (a) The scheme of Ref. 
[7] using a single photon Fock state |1) as a control, (b) The Boot- 
strapping procedure employing a small NOON state \K0 :: 0K) C d as 
a control. 

As pointed out earlier, the foremost step is to generate a 
NOON state with about hundred photons. We now discuss 
our proposal for this low-NOON generation via a new type of 
photon gun. The low-NOON gun, as we call it, is based on 
strong atom-light interactions offered by cavity QED and col- 
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lective enhancement of the interaction strength. The system 
required to obtain the low-NOON state of photons is an en- 
semble of cold alkali atoms — roughly a few hundred of them 
trapped inside an optical cavity — such that the spatial extent 
of the cloud is much smaller than the wavelength of the light 
interacting with it. The schematic of the device and the de- 
tailed level structure of the atoms being targeted is shown in 
Fig. |2] The operational steps required are described below. 
Step 1: single-step generation of the GHZ state of atoms in 
two of its internal state via the Hamiltonian given in Eq. (|T), 



atoms needs to be restricted to about 100. The aforementioned 
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Y.j | ay) (a/ 1 - \bj) (by | and T] = D. c gA/(K 2 + A 2 ) is the Ra- 
man Rabi frequency, signifying the coupling between the two 
states |a) and |b), achieved through the vacuum mode of a 
cavity (with decay rate k) and a time-varying classical field 
(See inset 1 in Fig . [2j . The approach is well studied fTlll and 
can be used, with an initial state of all the atoms being in the 
superposition (|a) + \b))/V2, to generate GHZ states in the 
basis given by {|+) = (|a) + |b»/V2,|-) = (|a) - |b»/V2} 
after the atom-field evolution for time t such that rjf = it. The 
basis rotation can be readily performed by the application of 
Raman pulse (of area it/2) coupling the two states to form 
the GHZ state, in the familiar basis {|a),|b)}, (|aaa...) + 
|bbb...))/V2. The initial state of the atoms (|a) + |b))/V2 
could be prepared by two classical Raman fields coupling the 
levels, much like the Raman process shown in Fig. [2] Di- 
rect implementation in Bose-Einstein condensates (BEC) may 
also be possible by using the scheme of 1121 . which employs 
the interparticle interaction for generation of arbitrary Dicke 
States within a BEC. Step 2: Entanglement Transfer. Once a 
GHZ state of the atoms is prepared, a coupled STIRAP pro- 
cess (See Fig. |2]l can be achieved by controlling the time- 
variation of the pump field Rabi frequency £lp(t) to gener- 
ate an entangled state of cavity photons: jA^O^ :: OqA^q) that 
is entangled in the two counter-rotating polarization modes. 
This polarization mode entanglement can be readily converted 
into path entanglement with the help of simple optical ele- 
ments as shown in detail in Fig. [2] 

The Step 2, described above, requires a coupled STIRAP 
operation for transfer of entanglement from the GHZ state 
of the atoms to the polarization modes of the photons. This 
is the most important result of this letter, which offers a de- 
vice that we call a NOON gun. This device, however, can not 
be directly used to generate arbitrarily large number of path- 
entangled photons. The atom-light interaction needs to be col- 
lective requiring that all the atoms see the same strength for 
both the cavity field and the classical field. Furthermore, the 
cavity decay and the atomic spontaneous emission increases 
as the number of atoms increases. Thus, to limit the integrated 
noise to less than one photon, within the time required for the 
adiabatic entanglement-transfer process, the total number of 
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FIG. 2: A NOON Gun for small number of photons (A* fa 100): A 
scheme to transfer GHZ state of atoms into a maximally entangled 
state of photons into two circular polarization modes via collective 
interaction of atoms with light fields. By using usual optical ele- 
ments such as Quarter- Wave Plate (QWP), Polarizing Beam Splitter 
(PBS) and Half- Wave Plate (HWP) the polarization entangled pho- 
tons in the two circular polarization modes emitted by the cavity can 
be converted to path entangled NOON state. The insets show the 
two important steps 1. preparation of atoms in the GHZ state, and 
2. transfer of entanglement from atoms to the entangled polarization 
modes of the cavity. 



error estimates are studied in great detail by Brown et al. in 
the context of a Fock state generator lfl3ll and are directly ap- 
plicable to our scheme, which can be thought of as a super- 
position of two Fock state generators. The actual requirement 
of our bootstrapping approach is to have an entangled state of 
about 32 photons as a control to boost the experimental phase 
shift of 0.1 radians to it radians. This would require only 32 
atoms to be trapped in the cavity, making the scheme highly 
feasible. An experimental scheme of Sauer et al. fl4ll . for cav- 
ity QED with optically transported atoms, allows control over 
the number of atoms interacting with the cavity field for upto 
100 atoms and could be directly used for implementation of 
our scheme. In the following, we discuss the physics of our 
NOON gun in sufficient detail. 

The initial state of the atomic cloud is the GHZ state with 
the component states |a) and |b) being the hyperfine sublevels 
nif = —1 and mp = 1 of the F = 1 hyperfine manifold of an 
alkali atom respectively. This atomic cloud is then trapped in a 
cavity such that the cloud size is much smaller than the wave- 
length of the fundamental mode of the cavity. Also the exter- 
nal pumping field is assumed to couple to all the atoms iden- 
tically. These restrictions could be easily obtained within the 
current experimental parameters of the optical cavity, when 
the number of atoms is confined to about hundred. The inter- 
action of the atomic cloud with the two polarization modes of 
the cavity and the ft -polarized pump field can be described by 
the Hamiltonian 
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where c^r and c T LR are the cavity mode photon annililation 
and creation operators for the left (L) and right (R) circular 
modes of polarization and i is the label for the atoms. We ar- 
rived at the second line (Eq. ®) by introducing number repre- 
sentation for the collective atomic states and the correspond- 
ing operators d and cP labeled by the appropriate atomic level 
signifying annihilation or creation of atom in state d. 

It can be readily realized that this system contains two cou- 
pled A systems. It is important to identify quantities con- 
served under the action of the Hamiltonian in order to un- 
derstand the form of the eigenstates of the system. The con- 
served quantities are the total number of atoms in the five 
states, N = with i G {a,a',b,b',g}, and the quan- 

tity M = dj,d g — c l cl — c r cr. It should also be noted that 
the initial state in the given manifold, labeled by N and M, 
shall always remain in that manifold under the action of the 
Hamiltonian. Moreover, each manifold contains a dark state, 
which does not contain any atoms in the excited states |a') 
and |b'). We do not give the complete form of the general 
dark state; however, we note an important observation that 
is useful for the problem at hand. If the initial state of the 
cavity fields is chosen such that dlpL = c r cr = and the 
atomic state is such that all the atoms are in the A-type sys- 
tem formed by either |g) — |b') — |b) or |g) — |a') — |a) (e.g. 
the GHZ state) then the interaction Hamiltonian reduces to ei- 



ther//, 



cff 



otHg=h 



as 



&p(t)(dydb + dldy) +g R (c R d w d g +d R d^d t /) 

&p ) <4 + did a' ) + 8l {cLd[, d g + d[ d\ d a i ) 
the effective Hamiltonian governing the system dynamics. 
This gives two different manifolds of states with the conserved 
quantities N and M' 1 ' = dtd g - c R c R or = dXd g — c\cl- 
It is clear that these manifolds to not couple to each other and 
the corresponding dark states are given by 



(2)\ _ 



i ft {-a P {t)/ gL y . . . 



where D and D' are the appropriate normalization constants. 
These specialized dark states of a three-level A-type sys- 
tem for a collective atomic ensemble simultaneously cou- 
pled to a quantized and a classical field are well studied 
in Refs. 
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The state notation for the complete 
atom-cavity field states is self-explanatory, where the ex- 
cited levels |a') and |b') are not shown as they are not oc- 
cupied. It is imperative to point out at this place is that 



the dark states v p( 1 )\ and are dynamically decou- 

pled from each other in the sense that if the initial state 
contains a certain proportion of both the states, that propor- 
tion shall be left unchanged by the evolution. The evolution 
or relative dominance of the components of the dark states 
can be controlled by controlling the time evolution of the 
pump field via the Rabi frequency £l P (t). Thus, the adiabatic 
transformations \N a ,0b,0 s ,0L,0 R ) — * |0 a , Ob, N g ,NL, Or) and 
|0a,Afb,0g,0z,,0fl) — * \0n,0b,Ng,0L,N R ) can be obtained de- 
terministically. The result is such that the two components of 
the initially prepared atom-cavity state, {\N a ,0b,0g,0L,0 R ) + 
\0 a ,Nb,0 g ,0L,0 R ))/\/2 evolve independently into the state 
(\0a,0 b ,Ng,N L ,Qs) + \0 a ,0 b ,N g ,0 L ,N R ))/V2, just by adia- 
batic increase of the pump-field intensity such that £l p (t) ^S> 
gL,gR in the long time limit like in the STIRAP processes. 
Moreover, choosing the detuning such that A ^> Qp(t ) guar- 
antees that the spontaneous emission noise from the upper 
levels and spurious absorption events are avoided within the 
interaction time. The final state of all the atoms is |g) and 
the field state can be written in an abbreviated manner as 
IWoOo :: o Afc>) = l^oOo) + |0o^O> /V2- This polarization 
entangled state of photons can be readily converted into path 
entangled NOON state in a chosen polarization mode by out- 
coupling it and passing through simple optical elements as 
depicted in Fig. [2] The polarization NOON state itself can 
be used for Heisenberg-limited measurement of polarization 
angle shifts such as is exploited in magnetometry [16]. Physi- 
cally, the above-mentioned NOON gun is similar in operation 
to the experimentally demonstrated deterministic single pho- 
ton source II 1 711 and a recent theoretical proposal for Fock-state 
generation of Ref . [fl3ll . 

This completes the discussion of the bootstrapping proce- 
dure for high-NOON generation. Now we briefly discuss a 
different implementation of the Kerr nonlinearity based on 
the atom-cavity dispersive interaction lfl8ll that can be used 
in place of the cross-Kerr nonlinearities obtained via quantum 
coherence effects. The scheme is depicted in Fig. [3] where 
a cavity is introduced in the path of the optical mode b af- 
ter the beam splitter BS1. In comparison with the scheme 
of Fig. QI a X the new scheme (See Fig. [3]l uses a Ram- 
sey Interferometer in place of the MZI-2. The mathemat- 
ical transformation of the Quantum Fredkin Gate is given 
by Jj as J/qfg = exp(ixc + c/ )exp(i^c t c/ 2 ) , where J Q = 
(tfa + Pb)/2 and J 2 = (a^h - aft)/ 2i are the Schwinger 
angular momentum representations of the photonic operators 
and x — K is the cross-Kerr nonlinearity required for gener- 
ation of the NOON state at the output of MZI-1 after detec- 
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FIG. 3: Quantum Fredkin gate based on nonlinearity obtainable via 
cavity QED and Ramsey Interferometry 



tion of the control photon in the one of the detectors at the 
output ports of MZI-2 [See Fig.QJa)]. The Ramsey interfer- 
ometer that replaces MZI-2 consists of three regions: Rl and 
R2 are Ramsey classical field zones giving transformations 
|gi> - (|gi> + \S2))/V2 and |g 2 ) - (| gl ) - |g 2 ))/V2 with a 
strong cavity dispersively coupled (large detuning A) with the 
atomic transition |gi) to |e) in between the two Ramsey zones. 
The dispersive interaction with the cavity imparts a phase shift 
of g 2 z c /A to the atomic level |gi) and no phase shift to state 
\g2). Thus, after the passage of an atom initially prepared 
in state |g 2 ) when the photons in mode b are confined in the 
cavity we obtain the following transformation f/R amsey -QFG = 
exp[i(g 2 T c /A)d + d_^exp[i(g 2 T c /A)ff + ff_./2] . Here 6+ = 
|gi) (g2 1 and (7_ = |g2)(gi| are the atomic operators, g is 
the atom-cavity interaction strength and T e is the time atom 
spends in the cavity. With g 2 T c /A = %, the evolution of the 
system is identical to the NOON generation scheme of Ref. [7] 
such that detection of the atom, as it comes out of the cav- 
ity, in the state |gi) or |g2), gives out the NOON state in 
form |¥ 1(2) } ab = [|JV) a |0) b ± e-^/ 2 |0} a |^V) b ] /2 at the out- 
put of the Mach-Zehnder interferometer. The nonlinearity in 
this setup is completely controllable via the atomic velocity, 
that is, the atomic passage time through the cavity T c , and the 
cavity parameters g and A. This makes it straightforward to 
obtain the phase shift of the order of n with just one photon 
present in the cavity. By introducing a delay in the path of 
mode a the time spent by photons in mode b inside the cavity 
can be trivially compensated to obtain a balanced MZI. Within 
the experimental optical cavity QED parameters gz c can be as 
large as 10 5 01711 . With A = 10g and g 2 T c /A = % we need a 
moderate value gx c = lOn, which is much easier to obtain as 
it requires less cooling of the atoms entering the cavity. For 
g = 5n MHz, the atom-cavity interaction time is z c = 2/is, 
which is much smaller than the photon lifetime (few tens of 
miliseconds) in the cavity; thus, the approach presented here 
is well within the current experimental parameters. 

To summarize, we have devised a bootstrapping approach 
to NOON-state generation for photons based on Quantum 
Fredkin gate via atom coherence effect based cross-Kerr non- 



linearities. In the process we have proposed a device that can 
produce NOON states of up to one hundred photons on de- 
mand in a deterministic manner. Furthermore, we have de- 
vised a scheme for NOON-state generation based on Ramsey 
interferometry and a cavity-enhanced Kerr nonlinearity. It is 
assumed that the Fock states of arbitrarily large number of 
photons are available as inputs; which could be generated by 
applying the proposal of Ref. Ill 311 when applied to cold Ryd- 
berg atoms trapped in microwave cavities or via a QND pho- 
ton number measurement of a coherent state containing large 
number of photons on average. Our strong hope is that the 
ideas presented here shall simulate a growth of experimental 
activity in generation of entangled photon states with larger 
and larger number of photons. 
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